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Abstract. The aim of this paper is to state and prove a polynomial 
analogue of the classical Manning inequality, relating the topological 
entropy of a geodesic flow with the growth rate of the volume of balls 
in the universal covering. To this aim, we use a numerical conjugacy 
invariant for dynamical systems, the polynomial entropy. It is infinite 
when the topological entropy is positive. We first prove that the growth 
rate of the volume of balls is bounded above by means of the polynomial 
entropy of the geodesic flow. For the flat torus this inequality becomes an 
equality. We then study explicitely the example of the torus of revolution 
(which is a case of strict inequality). We give an exact asymptotic 
equivalent of the growth rate of volume of balls. 

1. Introduction and main results 

Let (M, g) be a compact Riemannian manifold. The Hamiltonian geodesic 
flow is the flow associated with the geodesic Hamiltonian H on T*M defined 
by 

H : T*M — > M 

{m,p) ^ Qmip^p) 
where is deduced from gm by the Legendre transform. The projections on 
M of the solutions of the flow are the geodesies of the metric. Throughout 
this paper, we consider only smooth metrics with complete geodesic flows. 

1.1. Topological and polynomial entropies. Given a compact metric 
space (X, d) and a continuous flow : M x X — )• X : (t, x) i— t- </>t(x), for each 
t > 0, one can define the dynamical metric 

(1) df{x,y) = m&-K d{(t)t{x),(t)t{y)). 

0<k<t 

All these metrics df are equivalent and define the same topology as d on X. 
In particular, {X,df) is compact. So for any e > 0, X can be covered by a 
finite number of balls of radius e for df . Let Gt{£) be the minimal number 
of balls of such a covering. The topological entropy of / is defined by 

htop(</') = limlimsup YlogGt(e). 

When the topological entropy vanishes, the complexity of dynamical systems 
can be described by several natural non equivalent conjugacy invariants - 
the polynomial entropies- which depict the polynomial growth rate of the 
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number Gt{£) (for a complete introduction see |Mar09| ). In this paper we 
will focus on the strong polynomial entropy hp^i (or polynomial entropy, for 
short). The definition of hpoi is recalled in Section 2. 

It has been proved by A. Manning ([Man79]) that the topological entropy 
of the geodesic flow (p restricted to the unit tangent bundle SAI is related to 
the growth rate of volume on the universal cover M of M, endowed with the 
lifted Riemannian metric. More precisely, Manning showed that if B{x,r) is 
the ball in M centered at x and of radius r and if V{x) is defined by 

V{x) = limsup - Log Vol B{x, r), 

then V{x) < htop((/') for all x £ M {V{x) is in fact independent of x). 

In this paper we focus on the case where htop((/') vanishes. One may then 
expect the growth rate of the volume to be polynomial. Let t{x) be defined 

by 

t{x) = limsup "^^^1^ — ^ = Inf | s > | limsup — Vol B{x, r) = 1 . 

r— >oo log r [ r—^oo J 

We will show in Section 3.1 that t{x) is independent of x. Indeed, it is the 
degree of growth of the fundamental group ■ki{M). We denote it by r(M). 
Section 3 is devoted to the proof of the following result. 

Theorem 1. Let {M,g) be a compact Riemannian manifold and let (p be the 
restriction of the geodesic flow to the unit tangent bundle SM . Then 

t{M) < \M + L 

As a consequence, since r(T^) = the polynomial entropy of a geodesic 
flow on is larger than £ — 1. For a flat metric on T^, this inequality 
becomes an equality. More generally, completely integrable geodesic systems 
(see definition below) on the torus do minimize the complexity. 

1.2. Entropy and integrable Hamiltonian systems. A Hamiltonian 
function H on a symplectic manifold M of dimension 2i is integrable in 
the Liouville sense when there exists a smooth map F = {fi)i<i<i from M 
to M^, which is a submersion over an open dense domain O and whose com- 
ponents fi are first integrals in involution of the Hamiltonian vector field 
. The fundamental example is that of completely integrable systems (one 
also say in "action-angle" form) on the annulus = x M^, that is, Hamil- 
tonian systems of the form H{9, r) = h{r). For instance, flat metrics on the 
torus are in action-angle form. The structure of these systems is well known: 
M is foliated by Lagrangian tori x {ro} on which the flow is linear with 
frequency a;(ro) := d/i(ro). 

In the general case, the regular set of the moment map F is a countable 
union of "action-angle domains" where the system is symplectically conjugate 
to a system in action-angle form (this is the Arnol'd-Liouville Theorem). It 
is well-known that the topological entropy of a system in action-angle form 
vanishes, so the entropy of a Liouville integrable system is "localized" on the 
singular set of the map F. 

It has been proved by Paternain ( |Pat91| ) that if M is 4-dimensional 
and if the Hamiltonian vector field possesses a first integral / (independent 
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of H) such that, on a regular level of H, the critical points of / form 
submanifolds, then the topological entropy of in restriction to (f vanishes. 
In Sections 4-7, we consider the particular class of tori of revolution 

defined as follows: 

(2) := {S,,^(M2) I (x,y) € ^+ x ^} C {^a:,y{^^) I i^^y) G X ^} 

where is ^ the space of 1-periodic smooth functions x : M — )■ M, 

the subspace of of positive functions, the subset of Morse functions 

X £ ^+ such that any critical value is reached once and where Sj, y is defined 

by ^ ^ 

{(p,s) I— )• cos 27r(/?, x(s) sin 27r(/?, 




X 

Figure 1. A meridian curve of a torus in 

Let {x,y) G x For a sake of lightness, we just denote by S the 
map Tjx^y We set T := E(R^), it is a compact surface homeomorphic to the 
torus T2 = m2 \ Z2. We denote by S the map defined on such that the 
following diagramm commutes: 

Hence 

^ := {S,,y(T2) I G ^+x^}, := {S,,y(T2) | {x,y) G ^^x^}. 

When T G .i?^ is endowed with the induced Euclidean metric, the geo- 
desic Hamiltonian admits a first integral that satisfies Paternain's hypothe- 
ses. Indeed, we will see that the first integral is nondegenerate in the Bott 
sense. In section 4, prove that, for each torus T G the geodesic flow (j) 
satifies hpoi (</!>) = 2. Therefore, such tori are cases of strict inequality for the 
theorem B. 

Burago et Ivanov showed that if 5 is a metric on T", and if B{x,r) is, 
as usual, the ball with center x and of radius r in the universal cover R"^, 
the limit ^{g)) := lim,.^_|-oo ^"'^i^'^'' exists and is independent of x. It 
is the asymptotic volume of g. They prove that Q'{g) is equal, up to a 
constant v, to the volume Y of the unit ball of the stable norm associated 
to g. In section 5, we will show that for T G the integrability of the 
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geodesic Hamiltonian permits to compute explicitely the volume 'Vg. Indeed, 
the stable norm coincide with Mather's (3 function which can be explicitely 
determinated due to the existence of the first integral. 

We recall the definitions of the stable norms and of Mather's function in 
paragraph 5.1. In paragraph 5.2, we determinate the expression of Yg for 
tori in 

Finally observe that since the set is dense in the Frechet space 

our result is generic. 

Aknowledgements. The questions addressed in this paper were suggested to 
me by my advisor Jean-Pierre Marco. I want to thank him for his guidance 
and for many helpful discussions during the realization of this work. I am 
also grateful to Maxime Wolff for many instructive discussions about the 
growth of groups. 

2. Polynomial entropy 

In this short section, we briefiy define the polynomial entropy. For a more 
complete introduction see |Mar09| . 

Let $ = {(j)t)t£R be a flow on a compact metric space X. For all t E M, 
we can construct as before the dynamical metrics associated to $ by setting 
dfix, y) = supo<^<t[d(0s(2;), 

We denote by Gf{e) the minimal number of -balls of radius e in a 
covering of X 

Definition 2.1. The polynomial entropy of $ is defined by 

hpoi(0) = suplimsup — ^ — = supinf \ a > I lim — Gfie) = 1 . 

£>0 t^oo Log t £>0 [ t^oo J 

The polynomial entropy hpoi is a C'^-conjugacy invariant and does not 
depend on the choice of topologically equivalent metrics on X. We emphasize 
the following important fact. 

Remark 2.1. When htop(/) > 0, hpoi(/) = +oo. 

Let us state the following resut proved in [LM]. 

Proposition 2.1. Let H : {a, I) i— t- h{I) be a Hamiltonian function on 
T*T". Let S be a compact submanifold o/M", possibly with boundary. Then 
the compact T" x 5 is invariant under the flow (j) and one has 

hpol('^lT"xs) = maxranka;(/), 

1 to 

where uj : S ^ M", / 

Corollary 2.1. Lf h is strictly convex and if S is a compact regular energy 
level, one gets hpoi((/)|^„^^) = n - 1. 

3. Volume growth of balls and the polynomial entropy. 

This section is devoted to the proof of Theorem [TJ Here (M, g) is a 
compact Riemannian manifold with Riemannian cover M. 
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3.1. The number t{M). Recall that, for x E M: 

t{x) = mf{s > I lim sup — Vol B(x,r) = 0} < oo. 

r—^oo f 

We will first see that t{x) is independent of x and of g: it is a topological 
invariant of M. 

A growth function is a nondecreasing function — )• M+. For any x E M, 
the map I'x ■ f '-^ Vol B(x,r) is a growth function. To any nondecreasing 
function /3 : N — )• N, one can associate the growth function a : t — )• /3([t]). 
Therefore, the considerations below apply to nondecreasing functions N — )• N. 

Two growth functions ai and 02 are weakly equivalent if there exist con- 
stants A, /i > 1 and C, C" > such that for all t E M"*", 

ai{t) < Aa2(At + C) + C, 02 (t) < /iai(/ut + C') + C'. 

We then write ai ^ 02- 

Let r be a finitely generated group and let S := (si, . . . , Sp) be a set of 
generators. We denote by isil) the word length of an element 7 E F, that 
is, the smallest integer n for which there exists a sequence (si, S2, • • • , s„) of 
elements of 5 U such that 7 = si,S2 • • • s^. The word metric ds on F is 
defined by 

^^5(71,72) = is{li^l2)- 
The group F endowed with ds acts on itself (by conjugacies) by isometries. 
The growth function of the pair (F, S) is defined by: 

(3{T,S;k) := Card{7 E F | 4(7) < ^1- 
The exponential growth rate of (F, S) is the upper limit : 
tj(F, 5) := lim sup V/3(F,5,A;). 

fc— >oo 

Remark that if S' is another finite set of generators of F, there exists A > 
such that for all /c E N, /3(F,S",/c) < /3(F, S, AA;). Therefore the group F is 
said to be of exponential growth if uj{T,S) > 1, of subexponetial growth if 
a;(F, S) = 1 and of polynomial growth if there exists d such that f3{T, S, k) ~ 
k'^. These definitions make sense since these properties do not depend on 
the choice of S. 

A quasi-isometry between two metric spaces (X, d) and {X, d!) is a map 
/ : X — )• X' such that there exist constants A > 1, C > and D >Q such 
that 

- for any z ^ X' there exists x E X such that d! {z, f{x)) < D 

- for all {x,y)GX\ {d{x , y) - C < d' (f (x) J (y)) < \d{x,y ) + C 

The next theorem is due to Milor and Schwarzc (see |dlHOO| or |BH99| ). 

Theorem 2. Let {M,g) be a compact Riemannian manifold. We set R := 
diamM := Max{d(p,g) | {p,q) E Af^}. Fix x e M and set B := B{x,R). 
Then 

(i) The set S" := {7 E ■ki{M) | 7 7^ 1 and ^B n i? 7^ 0} is a finite set of 
generators o/7ri(M). 

(a) The number r := Mm{d{B,jB) \ 7 E vri(Af), 7 ^ 5n{l}} is > and 
for all 7 E ■Ki{M), 

isil) < -d{x,jx) + l 
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(in) The map 7ri(M) — )• -/Vf,7 ^ is a quasi-isometry. 

With the notation of the previous theorem, we denote by /3 the growth 
function of the pair (7ri(M), S). 

Corollary 3.1. For any x € M , the maps Vx and /? are weakly equivalent. 

Proof. We denote by Ux the order of the isotropy subgroup of x and we 
set A := Max{(i(3;,73;) x G S}. Fix /c E N. The closed bahs B{y,^r), for 
y G Tri{M)x are pairwise disjoint, so 

^/3(7ri(M),5;A:)z., Qr^ <Ux(^kX+^r 

Conversely, let y G B{x, k). Since the set {jB \ 7 G 7ri(M)} is a covering of 
M, there exists 7 € 7ri(M), such that y G B{^x, R). Now by theorem [2] (ii), 

1 1 

^5(7) < -d{x, 7x) + 1 < y) + -. (*) 

Let 6{x,y) := + Then, the set {'yB{x,R) 1^5(7) < 6{x,y)} covers 

B{x, k) and 

i^xik) < p (vri(M), 5; k + ^ + l^Ux{R). (**) 

Gathering (*) and (**), we conclude the proof. □ 

Therefore, if 7ri(M) has exponential or subexponential growth, v[x) = 
+00. If 7ri(M) has polynomial growth with degree v{x) = d. In particular, 
this immediately proves the following proposition. 

Proposition 3.1. r(T^) = £. 

3.2. Proof of Theorem [Tl The Riemannian connexion on M enables one to 
define a natural connexion on TM in the following way. If i' := (x, v) G TM, 
the parallel transports of v along curves starting from x give rise to curves 
t I—)- 7(t) = {x{t),v{t)) G TM. The horizontal subspace H{v) generated by 
the initial conditions (7(0), 7(0)) of these curves is complementary to the 
vertical subspace V{u) := 'keidyTT. There exists a natural metric on TM, 
called the Sasaki metric for which H{u) and V{u) are orthogonal and both 
isometric to TxM. 

In the following, M is a compact Riemannian manifold and M its universal 
cover (with the lifted metric). Let us fix the notation. 

- vr : TM M, tt : TM ^ M and p : M M are the canonical 
projections, 

- dM and d-^ are the Riemannian distances on M and M, 

- dTM and dj,^;^ are the Riemannian distances on TM and TM associated 
with the Sasaki metric, 

- (SMjdsAi) and {SM,d^j^) are the unit tangent bundles endowed with 
their induced metrics, 

- (j) = ((pt)t^^ and (p = {(pt)teR are the geodesic flows on SM and SM. 
Recall that for e > 0, a subset yl of a compact metric space {X, d) is said 

to be {t^e)- separated relatively to a continuous flow {ijjtjt&i on X if, for any 
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a and h in A, supQ<j/<^ (i('(/'t(a)) V't(^)) ^ If St{e) is the maximal cardinal 
for a (t, e)-separated set, one has the following inequalities 

St{2e) < Gt{e) < St{e), 

where Gt{£) is defined relatively to the distances induced by ipf 

Proof of Theorem[J\ It suffices to show that if s > hpo\{(j)) + 1, then s > 
r{M). Fix s > hpoi(i;^) + 1 and let 77 > 0. Then there exists > such that 
for all t >tj^, 

jkrGt (I) < V- 

Let p such that for all x G M, the projection p : B{x, p) — )■ M is injective. 
Fix e > such that 2e < p. Let t > 0. Let us construct a (t, e)-separated 
set in SM for the flow {(pt)- Fix x € M and let C{x,t,t + |) be the anular 
zone defined by 

C(^x,t,t + ^^ =B(x,t + ^'^\B{x,t). 

Let A be a 2e-separated set in C{x,t,t + |) for the distance dj^, that is, 
for any {a,b) G A'^, dj^{a,b) > 2e. For all a ^ A, there exists a segment of 
unit speed geodesic 7a with minimal length that joins x and a. Necessarily, 
^(7) G [t, t + §]. We set Va = 7a(0) G S'l^M. Then, for any a and b in ^, 

> t^M^"' ^) ~ ° (i>tiva),a^ -dj^(no (f>t{vb), b^ 

e £ 

> 2e = £. 

2 2 



So {Wfl I a G A} is (t, e)-separated. Since the projection TxP is an isometry, 



dsM{dxP{va),dxp{vb) = d^Tf{va,Vb), for ah (a, 6) G A^. So 



sup dsM{(t>\va),(t)\vb)) > dsMidxP{Va),dxP{Vb) > E 
0<t'<t 

Assume that dgj^{va,Vb) > £■ Then supQ<j/<^ dsM{4'^{va)-, (j)^{vb)) > £ and 
the set A = dxp{{vA \ 0. G A}) is (t, e)-separated for the flow (j)f 

Assume that d^j^{va,Vb) < £, then dj~^{7r{va),Ti'{vb)) < £■ Now by con- 
struction of A, dj^{'K o (/)^(va),TT o (j)^{vb)) > £, SO there exists to G [0, i] such 
that 

dj^^ino4^'%Va),no4^'%Vb))=£. 

Therefore, since 2e < p, one gets (iM(7r ° 4'to{dxP{va)),T^ o (t)t^{dxp{vb))) = e 
and the set ^ is again (t, e)-separated for the flow (^t). 

Now, notice that sup^^^ Vol 2^) is finite. Indeed, since 2e < /?, 
VolB(3;,2e) = Vol B(p(x), 2e) < VolM. Let v = VolM. For t > tr,, 

(3) VolC7('x,t,t + ^) <i;Card^<i;CardA 



< vSt{£) < vGt {£j <vvt'-'. 



8 CLEMENCE LABROUSSE 

m—1 

Consequently, since C(x, t, t + m|) = |J C(3;, t + t + (A; + 1)|), one has, 
for m G N*, 

Vol C (x, t, t + m|) < rjv (t'-' + {t + ^y~' + . . . + (t + m|)^-i) . 

2 /-i+Cfc+i)! 

Assume that s > 1. Then for each G N, [t + k^Y^'^ ^ ~ dx, 



which yields 



VolC(x,t,t + m-) < t/t;- / x''^^dx<riv — (t + m-)''. 

2 e Jt se 2 



2 r+^a _i 

Assume that < s < 1. Then for each k, [t + k^Y < - x^ dx, 

which yields 

e 2 /•*+(™-i)f 

YolC{x,t,t + m-) < r]v- / x'^ 

2 , 2 , 

< r]v— / X ax < rjv — (t + m— j . 
e se 2 

2 

In both cases, one gets, setting X(e) = v — : 

se 

Vol5(x,t + m|) = VolB(x,t) +VolC(x,t,t + m|) 



< Vol B{x,t) + r]X{e){t + m^y. 



Finally: 



Vol i?(x,r) ^ VoLB(x^+m|) 
hmsup < sup limsup < ??A(ej. 



^ t6[0,£/2] m-!>oo {l-\-m7 

Since r/ is arbitrary, the limit above is zero and s > t{M). □ 



Example 3.1. The flat torus. Let be the flat metric on T defined by 
a positive definite bilinear form b on M^. The cogeodesic flow on S*T^ is 
in action-angle form, so by corollary 12.11 and proposition 13.11 one has 

\oMh) =l-\ = t(T^) - 1 

Since the geodesic flow and the cogeodesic flow are conjugate by the 
Legendre map, hpoi(0) = I —\. So the geodesic systems on the torus which 
are in action-angle form minimize the polynomial entropy. 

4. The polynomial entropy for tori 

Let M be a 4-dimensional symplectic manifold and : M — t- M be a 
smooth function. We denote by the Hamiltonian flow associated with 
H. A first integral / of is said to be nondegenerate in the Bott sense 
on a compact regular energy level £ oi H \i the critical points of f\g form 
nondegenerate strict submanifolds. By nondegenerate, we mean that 9^/ is 
nondegenerate on the normal subspaces to these submanifolds. We say that 
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the triple ((^, c^//, /) is a nondegenerate Bott system. Such a system obviously 
satisfies the hypotheses of Paternain's theorem, and its topological entropy 
vanishes. 

One proves that the critical submanifolds of /|^ may only be circles (that 
is, periodic orbits of (pn)), tori or Klein bottles (see |Mar93) . |Fom88j ). A 
nondegenerate Bott system is said to be dynamically coherent if the critical 
circles C are either elliptic periodic orbits or hyperbolic periodic orbits for 
(f>H- The connected union of a hyperbolic orbit and its invariant manifold is 
called an "eight-level", we write OO-level. In |LM) . we proved the following 
result. 

Theorem 3. Let {£',(j)H,f) be a dynamically coherent system that possesses 
a hyperbolic orbit. Then 

hpol (</'//) = 2. 

We will now show that the geodesic flow (in restriction to every energy 
level) on a torus of is dynamically coherent and possesses hyperbolic 
orbits. We begin with studying the critical set of pip. Fix T G The 
Euclidean metric of induces a Riemannian metric g on T. The puUback 
g := ^x,y9 of 5 is a Riemannian metric on reads 







r(s)' 



The 



x,y 



where we denote by r{s) the positive square root of x'(s)^ 
Riemannian manifold (M^,^) is the Riemannian cover of {T,g). 

The projection of g on T'^ is also denoted by g, so the quotient map S 
becomes an isometry between {T'^,g) and (T^g). 

Notation 4.1. We set rh := {(p,s) € and m := {(p,s) G M^. If rh = 
7r(m), the spaces T! T2 and T* 

are canonically isometric. We denote by 
P •= {PipiPs) their elements, so that the Liouville form on T*T^ (resp. T*M?) 
reads A = p^pdCp + sds (resp. A = p,pdip + sds). The functions x, y and r 
induce functions on T^, also denoted by x, y and r. 



The geodesic Hamiltonian H on T' 

1 

2 



H{ip,s,p^,Ps 



reads 

pI 



+ 



Ps 



4:7r^x{sy r(s) 



It is integrable in the Liouville sense, a first integral being the Clairaut 
integral p^. 

It projects in a natural way on a Hamiltonian function on T*T^ also 
denoted by H. The associated Hamiltonian flows on T*T^ and T*]R^ are 
respectively denoted by ((/'|^)teK and {^^H)teM- Let w* : T*^^ -f T*T'^, 
vr : T*T^ — )• and fr : T*M^ — )• be the canonical projections. The 
following diagram commutes. 













VJ* 





J2 
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Remark 4.1. If m stands for m or fh, the orbits of {fh,p) and (m, —p) project 
by vr or fr onto the same geodesic which they describe in opposite sense. We 
set C : {fh,p) I—)- (m, —p). 

Every regular energy level H~^{{e}) is a circle bundle parametrized by 
9 {(p, s, e) ^ {(p, s, 2Tr\/2^.x{s) cos 9, V2^.r{s) sin d). 

Let Pg be the restriction of to H~^{{e}). We denote by TZ{e) the set of 
regular values of Pg- 

Lemma 4.1. The set TZ{e) is a finite union of intervals —Ii.{e), J{e) and 
Ik{e) with Ik{e) =]27r\/2exk,2Tr\/2exk+i[ andJ{e) = \ — 2-K\plex\^2'K\plex\\ 
where ^ < x\ < x^ < • • • < Xn are the critical values of x. 

Proof. Observe that Pf>{if,s,9) := 2'ir^/2e.x{s) cos6 does not depend of ip. 
We set Pe : {s,9) i— )• P{0,s,9). The critical points of Pe are the pairs {s,9) 
such that: = [tt] and s is a critical point of x. Since x is a Morse function, 
the set 5 of its critical points is finite and so is its set of critical values. We 
set x(S) := {xi, ■ ■ ■ with xi < X2 < ■ ■ ■ < Xn- One just has to remark 

that P-^{{p}) / if and only if p G [-iTrV^eXn, 27rV2^x„]. □ 

We denote by Si the unique critical point in T such that x{si) = Xj. 

Proposition 4.1. The system {H^^{{e}),(j)H, Pe) is dynamically coherent 
and possesses a hyperbolic orbit. 

Proof. First we note that in the coordinates {lp,s,9), reads 

yH ( - - a\ ( V2ecos9 \/^sm9 x'(s) \ 
['f,s,9) = y ^^^^.y ' ^(^) ' r{s)x{s) J • 

By lemma \^7l\ the critical loci of Pg are the periodic orbits 

C°:={((^,s„0)|(^GT} and Cf := {((^, s^, vr) | € T} 

with period Tj := They are exchanged by the symetry C, so we focus 

on the case where 9 = 0. By simple computation, one checks that: 

— if Xi is a maximum, there exist a E]0,7r[ such that the eigenvalues of 
D(j)Ti{'p,Si,0) are 1, e*" and e~*", and Cf is an elliptic orbit. 

— if Xj is a minimum, there exists A > such that the eigenvalues of 
D(l)Tj{p,Sj,0) are 1, and and Cj is a hyperbolic orbit. □ 

Remark 4.2. The level Pg~-'^({27r\/2ea^i}) is the disjoint union of two (X)-levels 
and exchanged by the symetry C- Set 9p : s ^ arccos , , . The 



complementary set in of the circle has the two following connected 
components: 

Wy := {((^, s, 9e{s) I (^, G T X T \ {si}} , 

and 

Wy := {((^, s, -9e{s)) |(^, s) G T X T \ {si}} . 
The unions Qe'~^ of the orbit Ci and the submanifold We'~^ is a Lagrangian 
Lipshitz graph over T^. We define in the same way the graph Qe~, and the 
graphs Ge'~^ and Ge'~ ■ This particular property does not hold when when 

Xj > Xl. 
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5. The asymptotic volume for tori in 3' M . 

In this section, we briefly recall definitions of the stable norms for tori 
and state the result of Burago and Ivanov about the asymptotic volume. 
Then we briefly recall the definitions of Mather's function a and /?. For a 
more complete introduction, we refer to [Mas96], [BBIOl] and [Pat99] for 
the stable norms and to |Mat91) . or to the very beautiful survey ^SorlOj for 
Mather's theory. 

5.1. Stable norms and Mather's functions. Consider a Riemannian 
metric g on the torus T". With an element 7 G /7i(T",Z), we associate 
the set "^(7) of closed piecewise curves that represent 7. We define a 
function / on //i(T"',Z) by setting: 

/(7) :=Inf{^,(c)|ce<^(7)}. 

The function 

II -11^: Fi(T",Z) ^ M 

7 I— 7- lim ^^'^'^^ 

n— !>oo 

extends to a norm on i/i(T'",M), called the stable norm associated with g. 

We denote by g the lifted metric on the universal cover M" of T" and by Vg 
the Riemannian volume of [0, 1]". Identifying i7i(T",M) with M"" we denote 
by the volume of the unit ball of || • H^. 

Theorem 4. (Burago- Ivanov) For any x in the universal cover o/T", 

r ^^^B{x,r) 

^™ n = ^g^io)- 

r— >oo r 

Consider a compact Riemannian manifold M and fix a Tonelli Lagrangian 
L on TM. We denote hy its Euler-Lagrange flow and by H its Fenchel- 
Legendre transform. The Hamiltonian flow associated with H is denoted by 

The orbits of <j)H are contained in the energy levels H~^{e) and those of 
in the subsets C~^{H~^{e)) (where C is the Legendre transform TM — )• 
T*M). Due to the superlinearity, the sets H^^{e) and C^^{H^^{e) are 
compacts. 

Let ^{L) be the set of probability measures jj, on TM that are invari- 
ant under (pi and such that Jrpj^ Ldfi < 00. The compactness of the sets 
C^^{H^^(e)) permits to prove that this set is non empty. The average action 
Al on ^(L) defined by 



Jtm 



is lower semi-continuous and the the set of action-minimizing measures is 
non empty. 

Given /i G ^(L), one defines the following linear functional on H^{M,W) 
by setting: 

H\M,R) R 

[v] ^ / vd^J', 

Jtm 
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where rj is any representent of [t]]. The rotation vector, (or the homology 
class) of fi is the unique G Hi{M,W) such that 

TM 

The map u : ^(L) — )• Hi(M,M.) is continuous affine and surjective and the 
Mather's function f3 is defined as 

(3 : Hi{M,R) R 

oj I—)- min ^L(Ai) 

One checks that /3 is a convex function. The following proposition is proved 
in |Mas96) . 

Proposition 5.1. Assume that L is a geodesic Lagrangian on TT". Then 
(3 coincide with the stable norm 



If is a 1-form on TM, it defines a new Tonelli Lagrangian on TM by 
setting: 

Lr^{x,v) = L{x,v) - {r]x,v). 

If rj is closed, L and have the same Euler-Lagrange flows. Actually, 
changing the Lagrangian L by a closed 1-form does not perturb the dynamics. 
Fix c G i?^(M, M), and let r]c be a representant of ry. One says a measure 
H G ^{L) is c-action-minimizing if it minimizes ^l,,^ among ^{L). The 
Mather's function a is defined as 

a:i/i(M,M) ^ M 

c i-> - min Al„U) 

The function a and /? are convex conjugate. 

For uj G Hi (M, M) , we denote by the subset of action- minimizing 
measures with rotation vector u. For c G H^{M,R) we denote by the 
subset of c-action-minimizing measures. 

Definition 5.1. The Mather set of a rotation vector uj G i/i(M, M) is 
defined as: 

^ := (J supp/xC TM 
The Mather set of cohomology class a G H^{M,M.) is defined as: 



:= IJ supp// C TM 



Theorem 5. Mather's graph theorem. The sets and are com- 
pact and (pL-invariant. If it : TM M is the canonical projection, the 
restrictions tt^ ^ and ^ are injective maps into M whose inverses are 
Lipschitz. 

If is a Tonelli Hamiltonian on T*M, the Fenchel-Legendre inverse trans- 
form defines a Tonelli Lagrangian Lh on TM. Therefore, one can associate 
with H the Mather's functions defined by Lh- We denote them by /3h and 
an- 
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Theorem 6. Let H be a Tonelli Hamiltonian. Assume there exists an exact 
symplectomorphism ^ : T*M ^ T*M such that H o ^ is a Tonelli Hamil- 
tonian. Then I^ho^ = f^H md uho^ = • 

Tonelli Hamiltonian on T*T"' and admissible tori. We now consider a Tonelli 
Hamiltonian on T'*T". We denote by L : TT" — )• R its associated Lagrangian. 
As usual we denote by (j)H and (jy^ their respective flows. 

Definition 5.2. An admissible torus with rotation vector a; is a torus T C 
T*T" such that 

(1) 7" is a C"^ Lagrangian graph T := {(x, c+dxu) \ x G T"} whith c E M" 
and u : T" ^ M, 

(2) 7" is (/> //-invariant, 

(3) The restriction of (pH to T is conjugate to the Kronecker flow (j)'^ on 
T" defined by (j)t{x) = x + too. 

The following proposition is an easy consequence of the Fenchel-Legendre 
inequality. 

Proposition 5.2. (1) // fl is another (pi -invariant probability measure 
with rotation vector oj, then Al{ij) < yli(/i). As a consequence 

£-i(r) = 

(2) // jl is another (p^-invariant probability measure, then AL^{fi) < 
^ic(A)- consequence C^^(T) = 

Assume now that the Hamiltonian H is in action-angle form, that is, 
H{x,p) = h{p). Its associated Lagrangian is of the form L{x,v) = i{v). The 
cotangent bundle T*T"' is globally foliated by admissible tori T x {c} and 
the tangent bundle by (pL-invar iant tori T x {w}. Identifying H^{T'',R) and 
Hi{T'^,M) with M", one easily deduces from proposition 15.21 that: 

/3{p) = i{p), and a(c) = h{c). 

In particular, one proves that 

^= = £-i(T" X {c}) = X M, 

when LV = Vh{c) and c = VI!.{uj). 

5.2. The constant Yg for tori of revolution. We come back to the torus 
of revolution. We use the notation of lemma I47T1 For e > 0, we set 

■.=P-H{J{e)}) 

Z- :=p-i([-27r^/2i.x„,-27r\/2i.xi[) 

Zt ■■=Pe^{] - 27r\/2i.xi, -2^\/2i.x„]). 

5.2.1. The domains T)f.. For e > and p G -/(e), we denote by Qe,p the 
function defined on T by 0p „ : si—)- arccos ^ , , . The set has two 

connected components exchanged by the symetry Q and foliated by Liouville 
tori: 

'^t--= U and V-:= U r,- 

peJ{e) peJ(e) 
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where %+ := {(^, s, 6^^^)) \ s) G T^} and = ((Te^ )• 

The domains P+ and P~ are respectively bounded by Qe'^ and Qe'~^ and 
by Ge~ and Ge~- 




5.2.2. The domains Z*. Since Pe"H{Ufc=|4(e)}) and P-i({u;j^| - 4(e)}) 
are exchanged by we focus on the first one. For 1 < j < n, we denote 
by the OO-level defined by Pe(<^|) = xj. It is the complementary set 
in Z^ of the critical loci of Pg. So it has a finite number of connected 
components Dij, homotopic to D* x T where D* is the open pointed disc. 
Their boundary is either made of piece of a OO-level Vj and an elliptic orbit 
Si with Xi < Xj or two pieces of OO-levels and with Xi < Xj. 



More precisely, Dij = {{ip, s, 9e,p) | (</?, s) G Tx/g, p e ]27rv2eaJi, 27rv2ea;j[}, 

and where 4 is a disjoint union of intervals 



where 6, 



s I— 7- arccos ■ 



2-Ky/2ex(s) 

]sii, Sji [ and ]sj^,Si^ [ with 



Is 



in X "^(xj) and Sj^ < sj^ in x ^{xj 



Sj,[n S = $ and ]si,,Sj,[nS = iD. 
The Liouville tori contained in Dij are the connected union 

Te,P ■= {(.'f^ S, 6e,p{s)), i {(f, s) e Be,p]} U {((^, S, -6'e,p(s)), | ((^, s) G ^ej}. 

where Se,p := T x \Ce^p,Ce,p] satisfies [3^1,8^2] C [Ce,p,Ce,p] C [sj^jSij] 




Sl S3 52 S4 Si 



Figure 3. The domain Z where there are 4 critical points 



POLYNOMIAL GROWTH OF VOLUME OF BALLS 15 

5.3. The function j3. By Mather's graph theorem, none of the levels of p^f, 
contained in the domains Z~ or can support a minimizing measure. 

We set P+ := Ue>o^^ and P+ := (zz7*)-^(P+ ). We first remark that the 
Liouvillc tori T^.p contained in and arc graphs over T^. Due to 
the symetry we can focus on T>'^. It admits the following parametrization: 

P+ ={((^,.s,e,p)GT2xI)}, 

where D := {{e, p) | e > 0, p G J{^)}- By Arnol'd Liouville's Theorem there 
exist an open domain C and a symplectic diffeomorphism 

such that Ii, I2 depend only on the value {e,p) of the moment map F := 
{H,pip) and generate 1-periodic Hamiltonian flows. We denote by the 
Hamiltonian function on x S defined by H^(I) = H o A'^^{I). 

In the same way, we set H- := H o AZ^ , where A- is the action-angle 
transformation on P^. 

Consequence: a) The flow (j)H on a torus Te,p is conjugate to a Kronecker 
flow on the torus x {/(e, p)}, and the tori Te,p are admissible tori with 
rotation vector Vi?+(-/"(e, p)). 

b) In the same way, the tori Te,p contained in are admissible tori with 
rotation vector VH-{I{e, p)). 

Finally, one proves that the graphs Qe'^ and Qe'~^ and by Qe'~ and Qe' 
support a minimizing measure, indeed the support of such a measure is 
contained in the hyperbolic circle C° and Cf. 

Consequence: Roughly speaking, the function P associated with H is the 
function P associated with the Hamiltonian H in restriction to U^oo- 

Let us study the action-angle transformation A+ and By symetry, 
we can focus on A^. Set 

Te,p = / , =dt and ipe,p := / ip{t)dt. 

In Appendix A, we prove that A^ can be constructed such that: 
• /i(e,p) = p and /2(e,p) = / r{t)J{2e-—^——:,)dt. 



• (?!)^(m,p) = (jS);^'" o (f)/^'-P {m,p). 



Moreover, one checks that A^ preserves the Liouville form. The proof of the 
following proposition is given in Appendix B. 

Proposition 5.3. Let h+ : B ^ R be such that H+{a,I) = h{I). Then h 
is convex and superlinear. 
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Remark 5.1. The action variables given by A_ are {e, p) = Ii{e, p) and 
^2~(e,/5) = -h{e,p). 

Corollary 5.1. The function (3 associated with H\ ^ coincide with the func- 
tion associated with the Hamiltonians Hj^. 

Let u;+ : -B+ — t- : / i— Vft,+ (/). We can define in the same way a;_. 
By remark [5.H one checks that a;_(/_) is the image of oo{I) by the map 
{uji,uj2) 1-^ (^1, -^2)- We set 17+ = and J := J(i) :=] -po,/0o[ 

with po 27r2;i. 

Proposition 5.4. T/ie suhmanifold is i/ie image of the curve uj parametrized 
by 

u : J ^ R2 

p ^ u;ip):=iXip),Y{p))=[^,^). 

Proof. Let {a, I) G x Let (m,p) such that A{m,p) = {a, I). We set 
{aHt),a\t)) := {a\4>\m,p)),a\ct)\m,p)). 

The result comes from: (f)^^^^^ o(p^^^^\a{e, p)) = (f)^^{m,p) = 4>ll''' °(t^il'''^ (i^jP)- 

2 1^ 

Lemma 5.1. Let 7 := x"(0). We set Tp := ri := cpi and t' : = 

dr 

—r^{p)- One has the following asymptotic estimates: 
dp 



pI m 

p '^V^n' 



(1) rp^p^,,-^^Hpo-p). 



11 r(0) , , 

(2) ^p^p^po-^,^^^Hpo-p). 

(3) .-- ' ' ' 



4vr^ 2^/7f7Po - P 
Corollary 5.2. The curve uj extends by continuity to the closed interval J 
;^^,0) andu;i-po) := (-4^^. 



withuj{po) ■■= (4^^7,0) andu;{-po) := We still denote by 



the image of uj. 

Recall that T := is the period of the hyperbolic orbits and Cf. 

The previous corollary may be interpreted in the following way. 

Remark 5.2. The invariant measures p associated with the hyperbolic or- 
bit Ci and Cf have respective rotation vectors uj{p) := (T, 0) and ij{p) := 

(-r,o). 

Obviously, the previous corollary holds for the submanifold 17^. We set 

n ■.= n+{j)un-{j). 

Corollary 5.3. The closed curve 0, is the unit sphere of the stable norm 
associated with g. Therefore, the volume 'fg is the volume of the compact 
convex domain delimited by 0, and 

tg = 2 r x'{p)Y{p)dp = 2 r ""^^^^dp. 

Jo Jo Tp 
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Appendix A. The action-angle variables for the torus of 

REVOLUTION 

We focus on the domain P+ and we use Arnol'd's method "by quadrature". 

For T = (a, 6) G we denote by $^ the joint flow of the moment map 
{H,p^), that is, ^^"■'^\m,p) := (pfj o (f)'^^{m,p). 

For any p G 7^(e) the Liouvihe torus Te,p is parametrized by {ip, s) and a 
basis of Hi{Te,p,I') is given by ([71], [72]) where 

7i(t) = (t,0) and 72(t) = (0,t). 

Let now a be any Lagrangian section of F with equation {(p,s) = (0, sq). 
We set CTe.p = n 7^,p. We look for a basis (Ti, of the isotropy subgroup 
of Te,p (that depends smoothly on {e,p)) such that: 

(t^$*^^(ae,p))G N £ = 1,2, 

where [7^] denotes the rationnally homology class of the curve 7^. Denoting 
by A the Liouville form on r*T^, the action variable /i,/2 will be defined as 

li := f A. 

One checks that we can choose Ti = (0, 1) and T2 = (re,p, —^e,p) with 
Te,p = / , =dt and ipe,p := / 

This yields: 



Ii{e,p)=p and hie, p) = r{t)^e 



)dt. 



Prom := (^^"'''' o (p^^'^"''' = 0^"''' o (pj^'^''''' , one immediately deduces 



Appendix B. Convexity and superlinearity of h. 
Recall that the action variables are given by: 



h{e,p)=p and hie, p) = r{t)J (2 



where 

(e, p)eD:={ie,p)\e>0,pe J(e)} := {(e, p)\e>0, \p\ < 27rV2exi}. 
Let / be the function defined on J^^jp-, +00 [ by : 
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It is an increasing bijection. Denoting by g its inverse, one has ^ = / (fl) ' 
that is, 

/.(/2.A) = |.(| 

B.l. Convexity of h. One has: D^h{Ii,l2) = \G where G has the fohow- 
ing form: 



G 



It suffices to show that the principal minors of this matrix are positive, that 
is g" (^f^ > and that detD^nihJi) > 0. 

Since / is strictly concave and increasing, g est strictly convex, thus g" > 0. 
On the other hand, 

deti5^A(A,/2) = 2g(|)s"(|)-!,''^(^ 

4(»^)"(f)-'l'^ (I) 

Since g is convex, increasing and positive, g'^ is still convex, thus {g'^)" > 0. 
Let us show that logg is convex. Since log 5 is an increasing bijection, it 
suffices to show that its inverse / is concave. We have 



Then 



and 



r{u) = C 

Jo 



^ ^ dt, 



x{r) 



f\u) = [' —4 sdt < 0. 

' Jo ^W^(r(i)(e«-^))f 

B.2. Superlinearity of h. Set k := max {2V2X1, / r{t)dt}. Then 

Jo 

Max(|Ii(e,p)|,|/2(e,p)|) <feV^, 

that is, 

Max{|/i|,|/2|}</cV^(/i,/2), 
from which one immediately deduces the superlinearity. 
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Appendix C. Asymptotic estimates for ^Pp^Tp and 
Since x'(0) = 0, one has 

^ 1 f 1 _ 

Let a < 7 < /3. There exists 5\> Q such that forah s g] — 5, 5[, 





< 


Po ) 




^ 


< 


^ Po y 


< 



Po \ Po y 47r2x(s)2 p2 \^ 



„2 



Po V , Po y 47r^x(s)2 Po V ^ Po 



Po 1 ^ 1 ^ Po 



pg - p2 + /i_ pg - p2 /T^^ziis^ 



2 r{s)ds 



l)Tp = / — -j^=^==. Let a < 1 < 6. There exists (^2 such that for all 

~ 47r4(s)^ 

s G] - (^2, '52[, ar(0) < r(s) < 6r(0). Let 5 := mm{Si,S2). For all s G ] - (5, S[, 

one has: 

Po ar{0) ^ r{s) ^ po 6r(0) 



V Po-P PO V 47r2^(ip Y pg-p2 

Hence 



Po-P^ PO 



Po-P^ 



ar(0)po c/g /-^ ris)ds 

V Po-P ^0 V 



< 



br{0)po ds 



V Po-P 



Po-P PO 

._ \^P^ 
P 



Let C := ° ^ , let A; stands for 47r/3 or 47ra and c stands for a or 6. One 



has using the change of variable u= y -^^s: 

P() c 

cpor(O) /■* cpor(O) C^/Po f du 



pC , /i + A4 pC Vk J VTTv^ 

po C _ /Xi 

V PO C 



^Pn cr(0) , ( k 5 
2^— ^argsh W— - 
P V A; \ V Po C 
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If /(p) = In (l + + , / is bounded over [0,po]. Then: 

^ ^^'^ < liminf ^^J-^ < limsup, . ' , < ^ '^^'^ 



p= iiiii 1111 - — \ 11111 o up - — r- ^ . 

p 2V7r/3 p^po ln(po - Pj p^po ln(po - P) P 2-s/Tra 
Since these inequalities holds for any a < 1 < b and any a < j < /3, one has 

r{s)ds Pq r(0) 



6 ' 



. ^ r(s)ds /"a r(s)ds f ^ r(s)ds 

Now since ?;= / , ^ =+ ' ' ' 



<5 /l _ 75 /l _ J-i /i _ P^ 

Y 47r2rr(s)2 y 4n^x{sy^ ^ yi 47r2j:(s)2 

and since the two last integrals are uniformly bounded on [0,po]) one gets 
the first equivalent. 



2)'Pn = / f .r, — ^ '"^ ' — ■ Let a < 1 < 6. There exists (^o such 
^"^^ ' 1 x(s)2 /-. f 



that for all s g] — , ^2 [, 



ar(0) ^ r(s) ^ 6r(0) 



47r2p2 a;(s)2 47r2pg 
Let 5' := mm{Si,S'2). One has: 



^ ' An^pl pI - p2 I 4./3.^ 

V Po-P ''0 



^ I P r{s)ds 

y 47r2a; 



^ p br{0)po ds 

- Att^pI pI - p2 U 47rai£ 

V Po-P W 



The end of the calculus is similar to the previous one and one gets the second 
equivalent. 

3)r' = / ^-777 '^{^)ds j^^^ a < 1 < 6. There exists 5'^ such 

that for all s G] - 5':i,5'^[, 



ar(0) r(s) 6r(0) 

167r4p2 - 47r2x(s)2 - 167r4p2- 
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Let 5" := min(5i, 52). One has: 

ar(0) ppq ds 



ar(0) PPQ r 



J-S" 



S" 



2 



p r{s)ds 

w 

brio) pf)l f^" ds 



< 



ipl-p2)lJ_s„ (1+ Pi^4^)| 

PO P 



Using the same change of variables u= ■^J ^\s, one gets if k stands for 47r^ 
or 47ra: 



PO C 

ds [po f du 



(1 + ^4^)1 k j (1 + ^2)1 



PO ( 

-1 



-1 



p fc 1^ V A: 5"2 j ■ 

Hence if c stands for a or 6: 

cr(0) PPQ ds ^ cr(0) 1 p^ [ [7~P^ 

Now since -^rzr^ — \ (^^^ + po+p) ' following equivalent: 

cr(0) ppo f^" ds cr(0) ^A) 1 



/ 

J-S" 



167r4 (^2 _ ^2)1 y_,„ (1 + -^^)f -""^^ 167r4 ^fe Po - p" 

As before, since a < 1 < 6 and a < 7 < /? are arbitrary, one gets 
p r{s)ds r(0) ^/po 1 



/_ 



To conclude, one juste has to observe that the two integrals 

~^ p r(s)ds , /"a p r(s)ds 

and ' 



are bounded on [0,/9o]- 
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